In our recent work (Europhys. Lett. 67, 205 (2004)) we have shown that in granular systems characterized by large volume fractions, the elastic energy dominates the kinetic energy, and energy fluctuations are primarily elastic in nature. As a logical consequence of this observation, we have started exploring possible generalizations of the concept of granular temperature to dense, jammed systems where kinetic granular temperature is not expected to be relevant, at least from the energetic point of view. Therefore, we have introduced generalized granular temperature, which turns out to be roughly consistent with a temperature based on the equilibrium statistical mechanics. In this paper, we discuss the influence of various system properties on this new generalized granular temperature. These properties include the shearing rate, as well as the material properties such as stiffness, elasticity and friction.
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INTRODUCTION
We explore the role of elasticity in the energy and energy fluctuations of sheared dense granular systems. For dilated gas-like granular states, energy fluctuations are frequently described in terms of a temperature, defined as the fluctuating part of the kinetic energy, is the local random component of the velocity. This definition is predicated on assumptions such as molecular chaos, absence of correlations, and short-lived collisions, that do not always apply. For dense systems of rigid particles, a very different concept, Edwards entropy, has been proposed (Edwards 1994 ). This quantity is the logarithm of the number of jammed configurations consistent with all constraints on the system, and the Edwards temperature is
) is the system volume.
Neither of these pictures explicitly includes the energy stored in compressional modes of the particles. This approach may be valid when the pressure is small compared to the Young's modulus, 0 2 1 . However, there are numerous situations when this is not the case. Some of these are discussed in our earlier work (Kondic and Behringer 2004) , where we present one approach towards inclusion of elastic energy and energy fluctuations in the statistical description of granular systems. In this paper, we discuss further the concept of temperature appropriate for dense granular systems, and also present new computational results that illustrate how material and systems properties influence the energy balance and energy fluctuations.
The crucial point on which we concentrate is the fact that for any sheared dense granular systems, there exist velocity regimes for which elastic energy is the dominant mode of energy storage. In such a setting, neither kinetic granular temperature,
¡
, nor # is likely to provide a good measure of the random nature of the system. In this context, we propose an extension of granular "temperature" that contains information on fluctuations of the elastic energy. To carry out this exploration, we use DES of 2D particles that are subject to plane shear and (possibly) compression.
The generalization of temperature that we consider is based on the classical idea that for a lattice of elastic particles, the average fluctuating energy/particle is 4 6 5 6 7
. Using this as a heuristic guide, we define a generalized temperature that is
, where D corresponds to the fluctuating part of the compression of a particle. Note that this definition provides a simple bridge between the extremes of a gas-like state and a highly compressed slowly evolving state.
DESCRIPTION OF THE SYSTEM
A description of the simulational system is given in more detail in (Kondic and Behringer 2004) ; here we outline the main features. Figure 1 shows a sketch of the flow geometry. Circular, frictional, inelastic particles are confined between two rough impenetrable straight parallel boundaries. The top boundary, which is 50 mean particle diameters (G H ) long, moves at a steady speed, and induces shear; the boundary conditions in the shearing direction are periodic. The simulations use a soft-disk/sphere model similar to what has been used in a number of granular simulations (see (Kondic 1999 ) and references therein). Here, we use 2D polydisperse disks in a zero-P environment. The walls are made of identical particles that are rigidly attached. Forces between the particles have a normal component given by
are the diameters of the particles and ,
is the reduced mass, and W is the damping constant related to the coefficient of restitution, . The tangential force is given by . The choice of the parameters is motivated by experiments performed using relatively soft frictional photoelastic discs (Howell et al. 1999) .
The quantities below are calculated using spacetime averaging. Thus, the system is divided into cells, and averaged quantities are calculated for each cell. In particular, the kinetic temperature is defined by
are the cell-averaged components of particle velocity, G is the diameter of a particle,
for disks, and is the angular velocity. The primed averages are defined with zero mean, e.g,
. The elastic energy is obtained by averaging per collision, not per particle. The difference between the two is significant for dense granular systems considered here, since particles typically experience multiple collisions (calculating elastic energy per particle greatly overestimates the elastic energy). If 
where is the number of particles in cell direction-system properties are calculated while the systems is being compressed) and the one in which the volume fraction is kept fixed and the system variables are calculated over long periods of time. In (Kondic and Behringer 2004) we mostly concentrate on the results of these latter simulations, therefore analyzing a discrete set of 's. However, additional simulations have shown that there is no observable difference between results obtained in the continuously compressed systems and those characterized by constant , as long as the compression is slow. Here we concentrate on these continuously compressed case,thus analyzing directly how changes of influence the results. Figure 2 shows the results for temperatures and energies averaged over the whole system (spatial dependence is discussed in more detail elsewhere for the parameters as used in Fig. 2 ) the dominant energy contribution changes from kinetic to elastic. The exact value of g depends on the system parameters, as we will see below. 
RESULTS
, and $ j r o .
In (Kondic and Behringer 2004) we show that the behavior close to this transition is characterized by large energy fluctuations; we also note that g is close to the volume fraction at which a second-order phase transition has been observed experimentally, in annular Couette cell (Howell et al. 1999) .
As increases, the energy is mainly elastic, and 3 ¡ loses its relevance (Fig. 2) . In order to have a quantity for a dense system that might be comparable to 3 ¡ , we formulate a generalized temperature:
a sum of
¡
, and the 'elastic' part, .
is defined as the variance of the elastic energy fluctuations about the mean, in parallel to ¢ ¡ , which is the variance of kinetic energy fluctuations. This definition follows the classical statistical mechanics: the variance of combined elastic and kinetic energy of an oscillator yields the temperature. Unlike this classical case, there is no reason to expect equipartition between elastic and kinetic modes. Rather, the ratio a y B 9 ¡ i varies continuously from 0 in the dilute limit, to 1 in the dense limit.
The definition of uses the average elastic energy per particle in cell
is the average compression per collision, and g is the average number of collisions per particle.
where the last equality is based on Eqs. 3 and 5. In (Kondic and Behringer 2004) we outlined the relation of the newly introduced concept of generalized granular temperature to the one that may be derived using equilibrium statistical mechanics. (A somewhat similar approach of applying equilibrium statistical theory has been taken in recent works on foams (Ono et al. 2002) and granular systems (Makse and Kurchan 2002) .) We note that there are interesting questions regarding time dependence of granular temperatures and energies (O'Hern et al. 2004 ). We do not consider these issues here, but instead concentrate in more detail on the influence which material properties, as well as shearing velocity, have on the transition between kinetic-dominated and elasticdominated regimes.
Parametric Dependence
There many parameters that may influence the systems response to the imposed shear. Here we concentrate on the material properties: elasticity, friction, stiffness, and on the shearing velocity,
)
. It should be noted that the ) 's that we use here are in the regime that produce linear or approximately linear velocity profiles. Therefore, we do not consider the regime of fast shear, where the shearing velocity is comparable to the speed of the shear waves in the system, which may lead to nonlinear velocity profiles and possibly to different system response (Xu et al. 2005 ).
In Fig. 3 and the following, we discuss the effect of several parameters. We note that for all cases, there is continuous, monotonic change for each parameter. Shearing velocity. A decrease of ) ( Fig. 3(a) vs. , even in this case of much stiffer particles. Clearly, there remain many open questions regarding the extent to which various temperatures serve similar functions to their molecular counterpart. These include issues such as heat conduction, timedependence, among others. In this work, we have concentrated on demonstrating the fact that the transition between the kinetic-dominated and elastic-dominated regimes is a robust phenomenon whose main features are preserved for a wide range of material properties, such as stiffness, restitution coefficient, or friction. Therefore, it is a generic feature of granular systems that deserves to be further explored.
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